The anisotropic advantageous properties of fiber reinforced composites may not be fully exploited unless the fibers are properly placed in their optimal spatial orientations. This paper investigates application of Cellular Automata (CA) for curvilinear fiber design of composite laminae for in-plane responses. CA use local rules to update both field and design variables in an iterative scheme till convergence. In the present study, displacement update rules are derived using a finite element model governing the equilibrium of the cell neighborhood and fiber angles are locally optimized based on a minimum strain energy criterion. A manufacturing improvement is applied on top of the local optimum orientation wherever this angle is not consistent with the cell neighborhood orientation trend. Numerical studies showed convergency of the local update rules and considerable improvements in the stiffness properties for a cantilever bending test and a square plate with a cutout.
Introduction
Manufacturing fiber reinforced laminated composite structures with spatially varying fiber orientation is possible using advanced tow placement machines. Tow-placement machines are Computer Numerical Controlled multi-axis machines that are capable of steering multiple tows, as many as 36 of them, in prescribed paths with some restrictions on minimum radius of curvature depending on the tow width and manufacturing machine used. This significant achievement brings new design possibilities that can be used to improve mechanical properties of structures made of fiber reinforced laminates. The anisotropic advantageous properties of fiber reinforced composites may not be fully exploited unless the fibers are properly placed in their optimal spatial orientations. In other words, rather than designing laminates with constant ply-angles, each ply can be designed with curvilinear fiber paths that improve the mechanical properties of the structure.
Designers have used a variety of classical optimization techniques to design panels with curvilinear fiber paths for in-plane responses. But the traditional optimization methods usually require repeated expensive finite element analyses which make the design task computationally time consuming and often do not check for ___________________________ manufacturable designs. The objective of the present study is to overcome this deficiency by introducing an algorithm that can be implemented on parallel machines which also takes some manufacturing considerations into account. Massively parallel machines are the next generation of computing tools that provide considerable increase in the computational speed. Cellular Automata (CA) are a novel methodology to simulate physical phenomenon and seem very appropriate for the present structural problem. Recent studies showed the effectiveness of CA based design of structural components such as trusses, beams, and two dimensional isotropic continuum media. In the present study, those ideas are extended to the design of fiber reinforced laminated composite plates for in-plane properties.
Because of the nature of information flow and data storage, CA are inherently suitable for parallel implementations. Therefore, with the rapidly growing parallel machines and high level parallel implementation standards, CA may become an attractive computational tool for design. A second important feature of the CA is the integration of the analysis and design in its numerical implementation. Typically, local cell level rules are implemented for the update of both the field variables and the design variables. Hence, CA methodology can be thought of as an overall simultaneous analysis and design approach, even if the cell level updates are implemented sequentially, thereby eliminating the need of repetitive finite element analyses that are used by traditional optimization schemes. Moreover, earlier studies showed that the local analysis update rules can easily be written based on prior deformed states so that geometric or material nonlinearities can easily be taken into account during the design updates, making the method more powerful compared to a Finite Element Method (FEM) based design optimization. Finally, it is also envisioned that local rules from different disciplines may be combined at the cell level easily leading to a multidisciplinary design optimization tool that can be more efficient than trying to integrate multiple models in the global design.
In the following sections, first a review of the previous studies on analysis, design and manufacturing of composite lamiae made of curvilinear fiber paths as well as application of the cellular automata in structural design is given. Then, derivation of displacement update rule is given in details and also fiber orientation update rule is explained. Finally, validity of the suggested rules is studied with numerical tests for analysis and design of composite laminae.
Literature Review
Optimum filament orientation of composite was studied as early as 1970 in an article published by Brandmaier 1 , where maximum composite strength was sought by transferring most of the stress to be carried in the fiber direction. It was first pointed out in this article that the optimal fiber orientation could be different from the principal stress direction depending on the strength properties of the lamina. Cooper 2 defined trajectorial fiber reinforcement as "fiber reinforcement in which the principal material axes in any point are oriented with respect to the principal trajectories such that for given weight and given stress or strain the stiffness or the strength is maximum". He used energy methods to establish optimality conditions for trajectorial reinforcement.
For a plate with a hole, Katz et al. 3 used sequential linear programming to maximize the failure load based on the maximum strain criterion. The plate was modeled by the finite element method and sensitivity with respect to fiber orientation was calculated by variational methods. Results showed substantial improvements in load carrying capacity. In a series of publications, Pedersen [4] [5] [6] [7] studied optimal fiber orientations by finding local and global extrema of the strain energy density analytically and showed that the optimal fiber orientation depends not only on dimensionless material parameters but also on the ratio of the two principal stresses. The iterative principal stress design using an element-wise constant fiber orientation finite element model was initially used by Hyer and Charette 8 . Later on, Hyer and Lee 9 studied improvements in buckling resistance of composite plates with a circular center hole by using curvilinear fiber format. Banichuk et al. 10 also used triangular finite elements to search for optimal angles of orthotropy, which maximizes the critical buckling parameter. Their numerical results for the compressed plates showed a significant increase in the critical buckling load just with reorientation of the orthotropic material in an optimal manner.
Global fiber path representation using linear combination of non-uniform rational B-splines (NURBS) passing through a fixed number of control points was implemented by Nagendra et al. 11 . They studied optimal frequency and buckling design of laminated composites subjected to deformations, ply failure, and interlaminar stresses constraints. The design variables were scalar multipliers of the different basis fiber paths. In another recent publication, the classical compliance minimization problem was solved for optimal fiber orientations and fiber volume fraction subjected to a fiber cost function constraint by Duvaut et al. 12 Although fiber patterns that appear to be realistic were presented it is not clear how composite panels with variable fiber volume fraction can be manufactured. Load path as a trajectory taken by a given load starting from the point of application and ending at an equilibrating reaction point was introduced by Kelly and Tosh 13 . They used this load path direction to design curvilinear fiber paths for a plate with a hole. This design approach, although in some sense ensures continuity of fiber tows, does not satisfy either local or global optimality conditions. Tosh and Kelly 14 , in a more recent publication studied design, manufacturing, and testing of a specimen containing an open hole. Their results showed that load path trajectories outperform the principal stress direction in some special loading cases. Fiber placement technique (FPT) or technical embroidery, which is a fast prototyping technique, was introduced by Crothers et al. 15 . Their numerical and testing results showed up to 55% of strength improvements for stress concentration problems such as a plate with a circular hole in tension. They used computer aided internal optimization (CAIO), which is basically a FEM technique that minimizes the shear stress within anisotropic composite structure.
In-depth study of rectangular panels with curvilinear fiber paths, termed variable stiffness panels, was performed in a series of publications by Gürdal et al. [16] [17] [18] . These panels are manufactured by either shifting or parallel fiber path generation starting from a linearly varying orientation base curve. Authors also manufactured panels using advanced tow placement machines by taking into account American Institute of Aeronautics and Astronautics constraints on the radius of curvature of the fiber paths. Even though use of linearly varying fiber orientation along the panel length represents a limited class of spatially varying fiber orientations, those studies showed that considerable improvements in laminate response can be gained. These panels are relatively easy to analyze, manufacture, and have few design variables making the optimization task simpler. There are several other publications in the literature 19, 20 mimicking natural structures such as bones and trees to design laminated composites which basically follow the principal stress direction selection scheme.
The available methods in the literature have basically two major drawbacks. They either do not enforce any manufacturing criteria and have fiber discontinuities or assume a fixed family of fiber path definitions which have limited tailorability and could not easily be extended to irregular geometries. Moreover, most of the previous studies, a global FEM was used to perform displacement analysis which could be very expensive for large scale and nonlinear problems. Also finite element method can not be readily run on parallel machines. In the present study, a CA based analysis and design methodology is presented and implemented on a parallel machine which considerably enhances the design task. Although this is the first time CA have been used for curvilinear fiber path design, CA have been already used in several structural topology applications. Gürdal and Tatting 21 used Cellular Automata for fully stressed based design of truss structures for both linear and nonlinear responses. Tatting and Gürdal 22 extended the truss formulation to "equivalent-truss" modeling of two dimensional continuum media. Their formulation, although proved to be quite efficient even for large scale structures, has the limitation of poison's ratio of one third. Abdalla and Gürdal 23 minimized the total potential energy over the cell neighborhood to derive displacement update rules and used locally interpreted optimality criterion for topology design of two dimensional continuum media. Toyoda and Kita 24 also developed a CA based topology design of 2D isotropic media using FE based global displacement analysis which is contrary to the basic CA requirement of local updates and does not really fit in the CA formulation of the problem.
Cellular Automata
For a CA model, the physical domain of the problem is normally discretized using a lattice of regular cells that communicate with their neighboring cells and respond to them. This lattice can be of any arbitrary shape but the most common shapes are square, triangular, and hexagonal lattices. Each CA cell has a set of point-wise quantities associated with it that specify its state and are iteratively updated using pre specified rules. During the update process, a cell uses only its own state and state information of the neighboring cells. This neighborhood can be any group of adjacent cells, but often the classical von Neumann and Moore neighborhoods are used. The von Neumann neighborhood has five cells; center and the other four are usually described by the cardinal directions N, S, E, and W as shown in Fig. 1 . The Moore neighborhood shown in Fig. 2 is a 3×3 square grid of cells again described by center cell and the cardinal directions SW, S, SE, W, E, NW, N, and NE. . In CA simulation, irregular geometries are approximated with polygons. In the modeling phase of a CA solution, a simple routine is invoked for each cell where cell centroid coordinates are checked against model polygon and the cell is turned off (by setting its thickness to zero) wherever it lies outside the polygon.
In the iterative CA process each cell in the lattice updates its state till the relative change in its state in a Euclidian sense is less than a small number ε then the CA iteration is terminated. The update process can be done either in Jacobi or Gauss-Seidel fashion. In Jacobi updates, each cell uses neighboring information from the previous iteration whereas in Gauss-Seidel new information is used wherever it is available. Pervious numerical experiences showed that Gauss-Seidel is more efficient than Jacobi. Usually, Jacobi iteration converges after a large number of iterations compared to Gauss-Seidel. More recent studies by Missoum et al. 25 proposed modifications in Jacobi updates to improve its rate of convergence.
CA Update Rules
In the present CA formulation for structural design, four real quantities are associated with cell center which constitutes its state. These quantities are cell displacements in the x and y directions, thickness of the cell, and fiber orientation angle. There are also several other optional quantities that can be stored for each cell such as forces, strains, stresses, and cell center coordinates to accelerate some intermediate calculations.
After introducing cell states, update rules need to be pre-specified which operate on all cells throughout the lattice. Basically, each cell update consists of two parts: analysis update and design update. The analysis rule updates the displacements of the site cell given the neighboring cell displacements. This rule is governed by the equilibrium of the local neighborhood. The design update seeks the optimal fiber orientation that minimizes cell strain energy. The process of updating is repeated in the CA iteration till both the field and design variables are converged within a given tolerance for each cell. This update can also be formulated in a simultaneous analysis and design fashion where both the field and the design variables are computed from one single optimization problem.
Analysis Update Rule
In the present study, constant strain finite element triangles (CST) are used to prepare the local analysis update models. CST elements are efficient, easy to implement, and predict in-plane behavior of 2D plane stress problems relatively accurate. To derive the local equilibrium condition, one can assume different types of neighborhood as well as a variety of finite element layouts. The simplest of all could be a von Neumann neighborhood, which is modeled with eight constant strain finite element triangles and nine nodes as shown in Fig. 3 . In this model, nodes 1 through 4 are the so called auxiliary nodes which can be easily removed from the system of equations using a condensation technique keeping in mind that no external force or displacement can be applied on them. It is also worth noting that only applied force or displacement is allowed at nodes 6 through 9 and the influence of external actions on the neighboring cells are communicated to the cell center via the deformations of the neighboring cells. Though this type of neighborhood and element layout is easy to implement, numerical experience for different load cases shows that it is not as accurate as the same size equivalent finite element model. The basic explanation to this is since the displacement compatibility of the auxiliary nodes is not enforced in the entire lattice, the presented four-cell neighborhood formulation is not accurate compared to the traditional finite element method. In other words, the same auxiliary nodes for two adjacent neighborhoods are allowed to deform independently whereas the compatibility condition requires them to coincide. 
In the present study, this system of equations is solved numerically for each cell in the lattice. Given any pair of , and equation (2) is solved numerically for the other pair. The most computationally intensive operation during this solution is the 8×8 matrix inversion required in equations (3) and (4). It is worth mentioning here that this update rule turns out to be independent of the lattice size. Finally, the cell stresses are computed as an average of the eight CST elements sharing node 5. 
Design Update Rule
Cell design update rule treats fiber angles as continuous variables and uses strain energy minimization technique to locally optimize them. Given displacements and fiber angles of the neighboring cells, site cell displacements are calculated by the displacement update rule. Then based on the new displacements, cell fiber angle is updated using strains and material properties. It should be mentioned here that the minimum strain energy corresponds to maximum local stiffness of the laminae and in general would be different from the optimal strength orientation. According to Pedersen 
The engineering lamina properties in material coordinate system are represented by .
Heuristic Pattern Matching
For complex geometries where there are regions in the layer that optimal fiber orientations change their directions rapidly, the principal stress direction design typically yields fiber orientation angles that may be difficult to fabricate. To resolve this problem, a cell level manufacturing improvement is applied on top of the strain energy minimization design scheme. In this heuristic approach, the optimal cell fiber angle is replaced with a new design which completes the possibly formed patterns in the neighborhood (if there exists any) when necessary. For a neighborhood with a matched pattern, the rounded optimal angle from Equation (5) is checked against the matched direction, if they disagree, it is replaced with average value of continuous angles of the matching cells. If the neighborhood does not form a pattern, the optimal angle is used to update the cell.
In order to avoid possible fiber orientation locking in the lattice, the pattern matching scheme is activated when the displacement field is converged and the whole CA process is terminated whenever both displacement and fiber angles are converged. This ensures that the information has reached every part of domain and possible patterns have been formed.
Numerical Results
Ideally, the real need for a CA simulation is a parallel machine that associates each cell to a processor which stores only the neighborhood information and performs simple calculations. However, since such hardware is not readily available to us, simulations were made on a single processor machine. The presented CA based analysis and design formulation was implemented in a Gauss-Seidel fashion using a Fortran 90 code specifically designed for CA environment. A generic derived data type is designed to store cell states of all possible types of integer, real, boolean, and character.
To verify convergency of the proposed displacement update rules, bending of an isotropic cantilever plate with a point load was studied. Geometry and loading for this test is shown in Fig.5 
Fig. 5 Geometry and loading for bending tests
The dimensionless tip displacement is shown in Fig.  7 for the same cantilever bending test problem with a fixed 41×21 lattice as a function of increasing number of iterations. As this figure shows, the CA formulation is a stable iterative evolution. To assess performance of the fiber angle design rule, the previous 2×1 cantilever plate was modeled with a 23×12 CA lattice. The following material properties were used for this model; 
The analysis took 4640 iterations to converge and CA analysis and design converged after 6941 iterations improving the compliance by 45%. Fig. 8 shows the final CA results for the cell fiber angles and Fig. 9 is a continuous representation of the curvilinear fiber paths by contouring techniques. As the next example, design of a square plate with a width to hole diameter ratio of 3 loaded both in tension and shear is presented. A quarter CA model of 31×31 cells is used for analysis and design of this problem. Fig. 10 shows the final CA fiber design for the tension test with 50% improvements in the compliance. As mentioned earlier, this design is not manufacturable because of fiber path discontinuities close to the hole. Fig. 11 shows the modified CA design with 40% stiffness gains using the pattern matching technique. Fig. 12 shows the CA fiber angle distribution results for the quarter model loaded in shear. Although compliance is improved by 80% without pattern matching, this design is not manufacturable. Fig. 13 shows the results with the proposed heuristic pattern matching gaining 72% compliance improvements. This fiber angle pattern is rounded to a discrete fiber orientation (0°, -45°, 45°, 90°) design and shown in Fig. 14 . The cell fiber angles are kept fixed and CA analysis is performed till full convergence predicating almost the same compliance improvement as in Fig. 13 . As this figure shows, the presented heuristic pattern matching technique generates patches of similar discrete fiber orientations and resolves some of the manufacturing issues. 
Conclusions
This study has demonstrated a CA formulation for analysis and design of two dimensional orthotropic media. Numerical studies showed good rate of convergence and robustness of the implemented algorithm for design and analysis of fiber reinforced composite layers with substantial gains in compliance. Application of the heuristic pattern matching generates patches of similar fiber orientations and resolves some of the manufacturing issues. 
